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We propose a quasi-particle formulation of effective edge theories for the fractional quantum 
Hall effect. For the edge of a Laughlin state with filling fraction v = our fundamental quasi- 
particles are edge electrons of charge — e and edge quasi-holes of charge +^-. These quasi-particles 
satisfy exclusion statistics in the sense of Haldane. We exploit algebraic properties of edge electrons 
to derive a kinetic equation for charge transport between a v — — fractional quantum Hall edge 
and a normal metal. We also analyze alternative 'Boltzmann' equations that are directly based on 
the exclusion statistics properties of edge quasi-particles. Generalizations to more general filling 
fractions (Jain series) are briefly discussed. 
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I. INTRODUCTION AND SUMMARY 



Low energy excitations over (fractional) quantum Hall effect (qHe) ground states are localized near the edge of a 
sample. Certain aspects of qHe phenomenology can therefore be captured by an effective edge theory. The unusual 
properties (notably, fractional charge and statistics) of bulk excitations over a fractional qHe (fqHe) ground state 
carry over to analogous properties of the fundamental edge excitations. 

In the existing (theoretical) literature on qHe edge phenomena, the fundamental edge quasi-particles have not 
played an important role. Most, if not all, results have been obtained by exploiting bosonization schemes. For the 
analysis of edge-to-edge tunneling experiments, a combination o£,bosonization with techniques from integrable field 
theories has led to exact results for universal conductance curvesclfl. What has been missing until now is a description 
of edge-tcwedge transport phenomena directly in terms of excitations that are intrinsic to an edge in isolation. The 
authors ofl have explored such a picture and have derived a number of strong-coupling selection rules for the scattering 
of edge excitations. 

In this paper we take up the challenge of reformulating effective qHe edge theories directly in terms of a set of 
fundamental edge excitations. For the principal Laughlin states at filling fraction v = l/m, we select the edge 
electron (of charge — e) and the edge quasi-hole (of charge +e/m) as the fundamental excitations. (The reason for this 
asymmetric choice will become clear.) An important complication is then that these fundamental quasi-particles are 
not fermions but instead obey fractional statistics (in a sense to be explained below) . A large part of this paper will 
be devoted to working out the consequences of these unusual statistics. 

Following WerO, we shall assume that the edge theory for a v = l/m fractional qHe state (Laughlin state) takes 
the form of a chiral Luttinger Liquid (seeEl for a further justification of this description). The bosonic description 
of such a theory is centered around the neutral charge density operators n q — ■^=(d<p) q , which satisfy a U(l) affine 
Kac-Moody algebra 

[n q ,n g >] = —qS q+ql . (LI) 
m 

The vertex operators 

W e (z) = : exp(~iy/mip) : (z) , * q h(z) = : exp(i— !=<,£>) : (z) (1.2) 

V m 

have charge — e and respectively, and have been identified as the edge electron and edge quasi-hole. They are 
the direct analogues of the bulk (Laughlin) quasi-particles, an important distinction being that the edge excitations 
are gap-less and have linear dispersion. 

The first indication for the non-trivial statistics of the operators (|T^) comes from the Operator Product Expansions 
(OPE) 

* e (2)*eH = {z- w) m [*'H +-••], V qh (z)y qh (w) = (z-w)& [*"(«;) + . . .] (1.3) 

where &'(w) and ^f"(w) are operators of charge — 2e and +— , respectively. For m an odd integer, the right hand side 
of the first OPE picks up a minus sign under the exchange z <-> w, in correspondence with the required antisymmetry 
of the Laughlin wave functions. The second relation features a fractional power of (z — w), which shows that the 
quasi-hole operator has fractional 'exchange statistics'. 

For v = 1 the operators \& and \& q h are fermionic and the edge theory is simply a theory of free fermions. The 
exchange statistics of ty c and \& q h at v = l/m clearly signal a deviation from free fermion behavior, but they are 
hardly helpful for the purpose of setting up a quasi-particle formalism that mimics the free fermion treatment of 
the v = 1 edge. We shall here argue that a much more convenient point of view is that of the 'exclusion statistics' 
properties of \t e and \t q h. 

In recent papeiB, one of us proposed a method to associate exclusion statistics to quasi-particles for Conformal Field 
Theory (CFT) spectra. We shall here show that, when applied to the v = l/m edge theory excitations, this method 
gives ideal fractional exclusion statistics (in the sense of HaldaneQ) with g = m for edge electrons and g = — for edge 
quasi-holes. We also find that the edge electrons and edge quasi-holes can be viewed as independent excitations, in 
the sense that there is no mutual exclusion between the two. 

Our program in this paper is then (1) to establish the exclusion statistics properties of ^ e and ^ q h, and (2) to 
apply them to both equilibrium and, transport properties of these edges. As for transport, we shall focus on the set-up 
of the experiment by Chang et al.H, where electrons are allowed to tunnel from a normal metal into the edge of a 
v = 1/3 fqHe edge. We shall use algebraic properties of v = 1/3 edge electrons to write an exact kinetic equation for 
the perturbative I-V characteristics for this system, reproducing the result obtained by other methods. Interestingly, 
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the relevant algebraic properties derive from the so-called N = 2 superconformal algebra, which has been well-studied 
in the context of String Theory. We shall also study 'naive' Boltzmann equations that are based on the exclusion 
statistics properties of the edge quasi-particles. While the latter equations are not exact, we shall argue that they 
can be used as the starting point in a systematic approximation to the exact transport results. These results then are 
of general importance, as they illustrate the possibilities and limitations of the concept of exclusion statistics in the 
analysis of non-equilibrium physics. 

The observations made here are easily generalized to composite edges, related to hierarchical fqHe states, in par- 
ticular those of the Jain series with v = n ™ +1 ■ For the Jain series edge theories, two natural pictures emerge. In the 

first picture, the edge quasi-particles satisfy Haldane's exclusion statistics with G-matrix equal to K , where K is 
the topological order matrix of the bulk fqHe state. In the second picture one decouples one charged mode from n — 1 
neutral modes. A possible quasi-particle basis then consists of a single charged Haldane g-on and a collection of n 
neutral quasi-particles that are related to parafermions in the sense of Gentile. 

This paper is organized in the following way. In section 2 we discuss exclusion statistics and indicate the applications 
to fqHe states and to CFT spectra. In section 3 we discuss in some detail how a quasi-particle basis for v = — fqHe 
edge states is obtained and how that leads to an assignment of exclusion statistics parameters. In section 4 we explain 
how equilibrium properties are obtained in a quasi-particle approach. In section 5 we further study the quasi-particle 
bases and make the link with Calogero-Sutherland quantum mechanics and Jack polynomials. In section 6 we study 
charge transport between a normal metal and a v = ^ fqHe edge in terms of kinetic equations that are based on our 
quasi-particle formalism. The appendix A describes the extension of our quasi-particle formalism to filling fractions 
in the Jain series, while appendix B contains explicit results for an important quasi-particle form factor. 



II. EXCLUSION STATISTICS 

In his by now famous 1991 paperi, Haldane proposed the notion 'fractional exclusion statistics', as a tool for 
the analysis of strongly correlated many-body systems. The central assumption that is made concerns the way a 
many-body spectrum is built by filling available one-particle states. In words, it is assumed that the act of filling a 
one-particle state effectively reduces the dimension of the space of remaining one-particle states by an amount g. The 
choices g = 1, g = correspond to fcrmions and bosons, respectively. The thermodynamics for general 'g-ojos.'. and 
in particular the appropriate generalization of the Fermi-Dirac distribution function, have been obtained inPi!3 EilO. 
The so-called Wu equationsEl 

%(e) = f * ; with [w{e)ni + w{e)Y-^e^-^ (II. 1) 

[w(e) + g] 

provide an implicit expression for the 1-particle distribution function n g (e) for g-ons at temperature T and chemical 
potential /j,. It has been demonstrated tlu at . fr actional exclusion statistics are realized in various Hiodels for Quantum 
Mechanics with inverse square exchangeulI3li-3 and in the anyon model in a strong magnetic fieldllSa. 



A. Exclusion statistics and the fqHe 



A natural application of the idea of exclusion statistics is offered by the various fractional quantum Hall effects. One 
may take the somewhat naive but certainly justifiable point of view that the essence of the v = — fqHe is that under 
the appropriate conditions interacting electrons give rise to free quasi-particles with effective statistics parameter 
g = m. A familiar interpretation of these quasi-particles is that they can be viewed as composites of electrons plus 
an even number of flux quant au The familiar Laughlin wave functions describe the ground state configuration for 
these quasi-particles. The fundamental excitations (the Laughlin quasi-particles) are expected to carry the 'dual' (see 
section 3.3) statistics g = 

The above scenario, which was suggested in Haldane's original paper, has been critically analyzed in the literature, 
where it has been confirmed in the appropriate low-temperature regime (see for exampleli^) . Our purpose in this paper 
is to set up and analyze a similar picture for edge excitations in the fqHe. Since such excitations can be described 
using the language of CFT, we first turn to a discussion of exclusion statistics in CFT spectra. 
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B. Exclusion statistics in CFT 



Conformal Field Theories in two dimensions come with two commuting Virasoro algebras, and these infinite di- 
mensional algebras can be used to organize the finite-size spectra of these theories. In such an approach, a CFT 
partition function is obtained by combining a number of characters of both Virasoro algebras (or extensions thereof). 
In applications such as String Theory, where the conformal symmetry has a geometric origin and the fundamental 
fields are bosonic coordinate fields, this 'Virasoro approach' to CFT is entirely natural. In contrast, the prototypical 
CFT in the condensed matter arena is a theory of free fermions, with a finite size spectrum that is simply a collection 
of many-fermion states constructed according to the rules set by the Pauli principle. When facing other CFT's that 
are relevant for condensed matter systems one may try to follow a similar road, which is to select a number of fun- 
damental quasi-particle operators and to construct the full (chiral) spectrum as a collection of many- (quas i)- pa rticle 

states. Explicit examples of this are the so-called spinon bases for a su(n) k Wess-Zumino-Witten modelsEESEl. 

Let us now imagine that we have a concrete CFT, with explicit rules for the construction of a many-(quasi-)particle 
basis of the finite size spectrum. It is then natural to try to interpret that result in terms 'exclusion statistics' 
properties of the fundamental quasi-particles. In a recent papertj, one of us has proposed a systematic procedure 
(based on recursion relations for truncated chiral spectra), which leads to 1-particle distribution functions for CFT 
quasi-particles. In many cases, it was established that the CFT thermodynamics are those_of a free gas of quasi- 
particles governed by the new, generalized distribution functions. The examples discussed intl include spinons in the 
su(n) 1 WZW models, CFT parafermions and edge quasi-particles for the fractional qHe. 

The example of the CFT for fqHe edge excitations is particularly interesting, since in those cases the generalized 
distributions derived from the CFT spectra are identical to those obtained from Haldane statistics (with specific 
values for g). In section 3 below we show in some detail how these results are established. 

Clearly, the identification of Haldane statistics in fqHe edge theories is most useful since it provides a concrete 
link between rather abstract considerations on the systcmatics of quasi-particle bases on the one hand and concrete 
laboratory physics on the other. In particular, it opens up the possibility of analyzing transport phenomena such 
as edge-to-edge tunneling in the qHe (which has been well-studied both theoretically and experimentally) directly in 
terms of quasi-particles satisfying fractional exclusion statistics. We shall report the results of such an analysis in 
section 6 below. 



III. QUASI-PARTICLES FOR THE v = jj FQHE EDGE 

We consider the finite size spectrum for the CFT describing a single v = — fqHe edge. In the CFT jargon, this 
theory is characterized as a c = 1 chiral free boson theory at radius R 2 = m. We shall consider the chiral Hilbert 
space corresponding to the following partition function 



Z 1/m (q) 



OO 



(ff)c 



(III.1) 



with (q)oc = n^il 1 — I 1 ) an( l 1 — e P0 ■ [The 1-particle energies are of the form e; = ^x^J w ith I integer and po 
the density of states per unit length, po = (hvp)^ 1 .] In this formula, the £7(1) affine Kac-Moody symmetry is clearly 
visible as all states at fixed £7(1) charge Q form an irreducible representation of this symmetry. 

We should stress that the Hilbert space corresponding to (HI.l) is not the physical Hilbert space for the edge theory 
of a quantum Hall sample with the topology of a disc. In the latter Hilbert space physical charge is quantized in units 
of e and, correspondingly, the £7(1) charge Q in ( III. 1 ) is restricted to multiples of irO. In the geometry of a Corbino 
disc, i.e., a cylinder, the operator that transfers charge — from one edge to the other is physical. Accordingly, the 
physical Hilbert space is obtained by taking a tensor product of left and right copies of the Hilbert space ( [II. 1 ) and 
restricting the total £7(1) charge Ql + Qr to multiples of rrm. In the quasi-particle formalism that we present below 
the various restrictions on Ql, Qr are easily implemented. 



Our goal here is to understand the collection of states in (111.1) in a different manner, and to view them as multi- 
particle states built from the .creation operators for edge quasi-particles ty c and ^qh- To simplify our notations, we 
shall write G = 4> = ^q\3- Due to the above-mentioned restrictions on the £7(1) charges Q and Ql -k Qr, the 
chiral quasi-hole operator <j)(z) by itself is not a physical operator in the edge theories for the disc or cylinders physical 
states are obtained by restricting the number of 0-quanta in the appropriate manner. 
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A. Quasi-hole states 



We start by considering quasi-hole states that are built by applying only the modes <fi- s defined via 4>{z) — 
J2 s ( t ) -sZ s ^~ ■ Clearly, the index s gives the dimensionless enpcgy of the mode 4>- s . When^cting on the charge-0 
vacuum |0), we find the following multi-(/) states (compare witbli3 for the case m = 2, see alsoE3) 



o: 



with njv > n^-i > • • • > Hi > 



(m.2) 



o 2 

The choice of minimal modes is such that the lowest state of charge is at energy in agreement with the scaling 
dimension of the corresponding CFT primary field. Using so-called generalized commutation relations satisfied by 
the modes 4>^ s one may showta that all multi-0 states different from ( III. 2] ) are either zero or linearly dependent on 

(HI). 

Before writing more general states we shall first focus on the exclusion statistics properties of t he qu anta 4>- s - We 
follow the procedure of! and start by introducing truncated partition sums for quasi-hole states ( III.2j ). For s 



l 

2m ' 



2^, etc, we define polynomials P s (x,q) to keep track of the number of many-body states that can be made using 
only the modes <p-k with k < s, and that have a highest occupied mode with energy s' such that s — s' is integer. 
P s (x, q) is defined as the trace of the quantity x N q E over all these states, where N is the number of quasi-holes, E is 
the dimensionless total energy, and x = e^^ h . For m = 3 this gives 



Pi = xqt 



Pi = x qt 



Ps = 1 + x 3 gs 



etc. 



(III.3) 



In general, a occupied quasi-hole state of energy s cor responds to a factor xq s in these generating polynomials. 

The systematics of the edge quasi-hole states ( III- 2] ) directly lead to the following recursion relations between the 
polynomials P s (x, q), 

P s (x,q) =P s -x{x,q) +xq s P s _±(x,q) . (HI.4) 

For m = 1, which is the case corresponding to a v = 1 integer qHe edge, this relation directly implies P i (x, q) = 

+ xq 3 2 ). In that case the partition sum is simply a product and we recognize free fermions. For general m 
things are not that simple, but we can rewrite the recursion relation in matrix form 



P 



I-- 



= M?\x,q) 



P 



(III.5) 



with Z = 1,2,. 



and M ; qh (-T, q) the following m x m matrix 
Mf{x,q) = 



( 



xq 



1-- 



y x m-l„(m— 1)1— *§■+- 



x q 



2 (m-2);-^ + i 



xq 

2 2/-12 

x q s 



xq 2m 1 -f x m q n 



The grand partition function for the quasi-hole states (HI. 2) is then given by 

/°\ 

Z^(x,q) = (l 1 ... 1) [l[Mf\x,q)) 





Vi/ 



(III.6) 



(III.7) 



We propose that the quasi-hole modes 4>- s with s = I — ™ m , ■ ■ ■ ,1 — ^ be viewed as a single (m-fold degenerate) 
level in the one-particle spectrum. [This convention is natural since a single quasi-particle over the ground state can 
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only occupy one of these m levels.] The m x m matrix M ; qh is then a level-to-level transfer matrix and replaces the 

,i ,- — -. 
free fermion (m = 1) factor (1 + xq 2 ). Clearly, the thermodynamics of the states (III. 2) will be dominated by the 

largest eigenvalues Xf(x,q) of the matrices M qh (x,q). These satisfy the characteristic equations 



+ \m— 1 



= o 



(IIU 



Instead of trying to solve these equations, we can derive from them a result for the 1-particlc distribution functions 



n qh (0 = xd x \n(X+) = x- 



(HI.9) 



We find 



qhm - 



n qtl (Z) 



1 + ^(A ; + -1)' 
(^)- 1 = (A+-l)- 1 (A+) 1 -^ 



(111.10) 



Comparing with (IL1) and identifying g = and w(e) = (A+ — 1) 1 , we see that the distribution function n qh (l) 
becomes identical to n g= ±(e — I). In other words, the exclusion statistics properties of the v = — quasi-holes 
are those of 'ideal g-ons' in the sense of Haldane, with g = ^! This identification is consistent with the result of 
bosonization applied to g-onscJ, and with the character computations oic3. 

For the case m = 2, which is not in the category of fqHe edges, the equilibrium distribution is given by 

n 1 (e) = —= 2 (ni.ll) 

For m — 3 the explicit formulas (obtained using the Cardano formula for cubic equations) are quite unpleasant; 
figure 3.1 shows the distribution m (e). 




-2 2 6 

FIG. III.l. Distribution functions for fractional exclusion statistics with g = 3 (dashed line), g = 1 (dotted line), and g — | 
(solid line) , all at the same temperature and at zero chemical potential. 



B. Edge electron states 

The same procedure can be applied to the edge electrons, which are created by modes G-t with G(z) 
Multi-electron states take the form 



G 



G_(2M-i)ffi-m M •••G_ 3 m m2 G_™_ mi |0) with m Af > TO Af _i > . . . > mi > 



(111.12) 



and we have truncated partition sums Qt(y,q) with t a half-odd- integer and y = e^ . They satisfy the recursion 
relations 



Qt(y,q) = Qt-i(y,q) + yq l Qt- m (y,q), 

with the following initial values 

Q-- = ... = Q--i = i. 

The 'transfer matrix' for the edge electrons M%(y,q) is defined by 

Qk 



<■ Qx+m-l . 

with K = km — m/2, k = 1, 2, . . . and we have 



' Qh'-m 

Qk-i 



(111.13) 
(111.14) 

(111.15) 



Z c (y,<z) = (l 0... 0) lf[M%(y,q) 



1 

W 



(111.16) 



In this case, a single action of the transfer matrix comprises a jump of m 1-particle levels, and the relevant distribution 
function will be 



n%k)^yd y H( f 4^]=y-^. 



in 



H 



(111.17) 



The characteristic equation for the eigenvalue ^ 



m—l 



no4-w m *~ < )-O i *r" 1 = 



2 = 



leads to 



1 



m + (h k - 1) 



, {yq mk )- x = (h k - l) m h\ 



(111.18) 



(III. 19) 



with hk = jtx^ I (yq mk ) ■ Identifying w(e) = hk — 1, we again recognize the Wu equations (IL1) for Haldane exclusion 
statistics, this time with g = m, and we may identify n e (k) with n g=m (e = mk). 
For m — 2 this gives 



u 2 (e) = 1 1- 



1 



See figure 3.1 for the distribution function 113(e) at /x e = 0. 



(111.20) 



C. Duality 

Having recognized distribution functions for fractional exclusion siaiistics with g = — and g = m, respectively, we 
expect a particle-hole duality between the two cases (compare witblij'tHl). 

Before we come to that, we generalize the results of sections 3.1 and 3.2 by considering a chiral ccft = 1 CFT of 
compactification radius R 2 — r/s, with r > s and r,s coprime. Choosing 0-quanta of charge and G-quanta of 
charge — e as our fundamental excitations, we easily repeat the previous analysis and derive the following recursion 
relations 
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X,(x) = X l _ r {x)+xX l _ s (x) , Y l {y)^Y l _ s (y)+yY l _ r {y) , (111.21) 

where we put q — 1 for convenience. [The connection with the quantities Pi and Qi defined for - = m is Xi <-> P21-1 , 
y ; <-> Qj» + (|_i).] Proceeding as before we obtain the distribution functions for Haldane statistics with g = s/r (for 
the </>-quanta) and q = r/s (for the G-quanta). 

In the paperai3H3 it was recognized that the cases with g and g = 1/g are dual in the sense that particles are dual 
to holes. To recover this duality in our present approach, we note that if Yi(y) is a solution of the second relation in 
(01.21), the expression 



Xi(x)=Yi(y = x-' g )'. 



(111.22) 



solves the first recursion relation. Assuming r > s, we can rewrite both recursion relations in a form involving a r x r 
recursion matrix. The largest eigenvalues X + (x) and fJ- + (y) are then related via 



A + (x) = fj, + (x~ s )x s 



and the distribution functions 



rig(x) = xd x In A + (x) 



n g(y) = 9 yd y In n + (y) 



satisfy 



gn g (x) = 1 -gn g {y 



or, putting fx§ = —gn g and restoring q ^ 1 



gn g {e) = 1 -gn g {-ge) , 



(111.23) 



(111.24) 



(111.25) 



(111.26) 



in agreement with the results o&$. The interpretation of this result is that the g quanta with positive energy act 
as holes in th e groun d state distribution of negative energy g-quanta. The relative factor (—g) between the energy 
arguments in (HI. 26) indicates that the act of taking out r (/-quanta corresponds to adding s g-quanta. This duality 
further implies that, when setting up a quasi-particle description for fractional qHe edges, we can opt for (i) either 
quasi-holes or edge electrons, with energies over the full range — oo < e < oo, or (ii) a combination of both types of 
quasi-particles, each having positive energies only. The CFT finite size spectrum naturally leads to (ii) (see section 
3.4 below), while the analogy with Calogero-Sutherland quantum mechanics naturally leads to option (i) (see section 
5). When considering transport equations in section 6, we shall be considering both alternatives. 



D. The full spectrum 

To complete our quasi-particle description for the v = ^ edge, we need to spe cify h ow quasi-hole and electron 
operators can be combined to produce a complete basis for the chiral Hilbert space ( 1II.1 ). We consider the following 
set of states 



(2M-l)f +Q-mu ■ ■ -^-f +Q-mi<t>-(2N-l)i±--§--n N ' ■ '<t>- < ±.-3-- ni \Q) 



with Tom > ttim-1 > ■ • ■ > mi > 0, un > n-jv-i > • • • > ni > , 
ni > if Q < , 

where \Q) denotes the lowest energy state o f charge Q-^ with Q taking the values —(to — 1), — (m — 2), 
Our claim is now that the collection (111.27) forms a basis of the chiral Hilbert space, so that 



(111.27) 
, -1, 0. 



Z 1/m {q)= Q^Zf(x = l,q)Z e Q (y = l,q) 

Q=-(m-l) 



(111.28) 



Q 2 1 

where we added a factor q^ to take into account the energy of the initial states and we denoted by Zq and Zq the 



generalizations of the partition functions (III. 7) and (01.16) to the sector with vacuum charge Q. They are naturally 
written as 
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N=0 



(q) 



N 



-M —QM 



M=0 



(?) 



M 



(111.29) 



with(g) i = nf=i(l-90- 

While the collection of states (III. 27) looks rather complicated, it may be understood by considering the special 
case m = 1, which is a theory of two real free fermions of charge ±1. In this case there is only the Q = vacuum and 
the allowed 4> and G modes reduce to the familiar free fermion modes ip x 

The right hand side of (111.28) has the form of a so-called 'fermionic sum formula'0 and the equality of (1II.1) and 
(111.28) is a new Rogers-Ramanujan identity. Similar identities rel atijis 'fermionic sums' to characters in conformal 



field theories have been studied in the literature, see for examplaI3'EML3. We woukLlike to stress that the reasoning 
leading to these identities is very different between our approach and the work o£3: in our approach the identities 
express exclusion statistics properties of CFT fields, while in the work of Kedem et al. the identities are based on 
Bethe Ansatz solutions of specific integrable lattice models. The first example where these two approaches ham? .been 
explicitly connected is that of spinons in SU{2)\ CFT and in the associated Haldane-Shastry spin chainsEjElEa. 

The important conclusion from the above is that, up to a finite sum over vacuum charges, the chiral partition 
sum factorizes as a product of a quasi-hole piece and an edge electron piece. This means that the two types of 
quasi-particles are independent, or, in other words, that they do not have any mutual exclusion statistics. This then 
explains our asymmetric choice of quasi-particles. Had we chosen to work with fundamental quasi-particles of charges 
±— , we would have come across non-trivial mutual statistics. All of this is nicely illustrated with the case m = 2 
where we can opt for the 'qHe basis' with independent qu asi-hol es and edge electrons, or for a 'spinon basis' built from 
charge ±| quanta, which are identical to the spinons ofiElnla and which have a non-trivial 2x2 statistics matrix. 



The two choices have the quasi-hole states ( III. 2 ) (called 'fully polarized spinon states' ir£3) in common, but differ in 
the way negative charges are brought in. 

The observations made in this section may be generalized to composite edges such as those of the so-called Jain 



series with filling fraction v = 



We refer to appendix A for a brief discussion. 



IV. EQUILIBRIUM QUANTITIES 
A. Specific heat 

The specific heat of a conformal field theory is well-known to be proportional to the central charge cc ft 

C(T) 2 vr , 

— — = JPok B T , 7 = - ccft , (IV. 1) 

where,/3o = (^vf) -1 i s the density of states per unit length. 

Int3 it was shown that the specific heat for g-on excitations, with energies in the full range — oo < e < oo, is in 
agreement with the central charge cqft = 1 of the corresponding CFT. The same result should of course come out 
in a picture where we select positive energy electrons and positive energy quasi-holes as our fundamental excitations. 
In this picture the total energy carried by the edge quasi-particles takes the form 

/•oo />oo 

E = p deen g (e)+p Q detune). (IV. 2) 

Jo Jo 

and the corresponding result for the specific heat is 

< ^p- = (j g ,+ +r 9 ,+)pok%T , (IV.3) 

where 

lg,+ = dp deen g (e) , 7g i+ = dp / deen g (e) . (IV.4) 
Jo Jo 
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It takes an elementary application of the duality relation ( III. 26| ) to show that 7^.+ = 7 g ,_ and hence 



(7 s ,+ +7s,+) =lg = \ , (IV.5) 

confirming once again the value cqft — 1 ■ 

We would like to stress that the individual contributions 7 9i + do depend on g and that only for g = 1 (Majorana 



fermions) 7 g .+ and 7 9i _ are equal. An exact result iscll 



with £ a solution of the algebraic equation 



and L(z) the Rogers dilogarithm. This gives 



? = 1 - i (IV.7) 



7i =J~> 72,+ = \% 74,+ = J 0.655..., 73,+ = J 0.344 . . . , etc. (IV. 
2>+ 6 5 6 5 3 6 6 



B. Hall conductance 

While the specific heat coefficient 7 is not sensitive to g, the edge capacitance or, equivalently, the Hall conductance, 
obviously does depend on the filling fraction v and thereby on g. In the quasi-particle formulation, this result comes 
out in a particularly elegant and simple manner. 

Let us focus on a v = — edge and take as our fundamental quasi-particles the edge electron of charge q — — e and 
statistics g — m and the edge quasi- hole of charge q = and statistics g = — , all quasi-particles having positive 
energies only. 

Let us first consider zero temperature, where the Haldane distribution functions are step-functions with maximal 
value n g = ^ . If we now put a voltage V > the q < quasi-particles will see their Fermi energy shift by the amount 
qV and all available states at energy up to — qV will be filled. The total charge AQ(V, T = 0) that is carried by these 
excitations equals^ 

AQ(V, T = 0) = - • q ■ p ■ (-qV) (IV.9) 
9 

where the factor i originates from the maximum of the distribution function and thus represents the statistics 
properties of the quasi-particles. Clearly, positive-g quasi-particles do not contribute to the response at T = 0, V > 0. 
For the v — — fqHe edges, the result for V > is 

1 e 2 
AQ(V > 0, T = 0) = — • (-e) • Po ■ (eV) = Po V (IV.10) 

m m 

while for V < 

2 

AQ(V <0,T = 0) = m---p - (-— V) = -—poV ■ (IV. 11) 

m m m 

Clearly, the edge capacitance 

AQ{V 1 T = Q) 



Po- (IV.12) 



V m 

is independent of the sign of V and we establish the correct value of the Hall conductance 



'M_I£. (W.13) 
po" V m 11 



To show that the results ( 1V.12| ), (IV. 13) hold for finite temperatures as well we write the general expression 
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f°° e f°° 

AQ{V,T) = -ep a / den m (e + eV) + —p / de 
Jo ™ Jo 



m(£ V) 



and evaluate dpAQ(V,T). Using once again the duality relations (ill. 26), we derive 

Or A Q — — Pods / de n±. (e) oc / dx ln(x)d x n± (x) 
m J^oo Jn 



with x = e /3e . Using ( III.S ) the last line turns into 

oc lim In X + (x) — n±_ (x) hx(x) 
and by using the asymptotic behavior for x — ► oo 

\+(x) R> X m , 

we conclude that dpAQ is indeed zero. 



o 



n i w m 



(IV. 14) 



(IV.15) 



(IV.16) 



(IV. 17) 



V. JACK POLYNOMIALS AND BEYOND 



The quasi-particle basis that we specified in (III. 27) has some arbitrariness to it. For example, we could have 
chosen to act first with the G-* and then with which would have lead to a different set of states. Also, one 



quickly finds that the states (III. 27) as they stand are not mutually orthogonal. For the purpose of establishing the 
thermodynamics of the fqHe edge theory, what matt ers is t he counting of the number of states with given charge and 
energy, and this information can be extracted from (111.27). However, for the analysis of more detailed questions, in 
particular those concerning transport, the precise form of the multi-quasi-particle states is of crucial importance. 

In this section, we shall present an 'improved' set of multi-particle states, which are mutually orthogonal and which 
are faithful to the statistics properties of the quasi-particles 4>-s an( i G_ f . The idea will be to specify an operator Hqs 
that acts on the CFT spectrum, and to modify the multi-particle states in such a way that they become eigenstates 
of Hqs- The operator Hcs, which was first given by Iso inB3, will be nothing else than a CFT version of the 
hamiltonian of so-called Calogero-Sutherland (CS) quantum mechanics with inverse square exchange. The analogy 
with CS quantum mechanics confirms the assignment of g = (g — m) exclusion statistics to </>_ s and G_t, which 
are the CFT analogues of the particles and holes of the CS system. It also links the Jack polynomial eigenstates of 
the CS system to the quasi-particle basis of the fqHe edge theory. 

We would like to stress that, in the context of the v = qHe edge, we do not assign physical significance to 
the operator Has- We merely use this operator as a device to select an optimal set of multi-particle states, where 
'optimal' is meant in the sense of mutual orthogonality and of a relatively simple form of matrix elements of physical 
operators between the states. 



and ( 

s 2 <-> 



The need for improving the form of the multi-particle states (III. 27) can be phrased in yet another way. Let us, 
as an example, consider a multi-particle state containing two ^-quanta. If we were to work in position space, putting 
the two 0-fields at positions z 2 and zi, the exchange statistics properties of the field 4>{z) would result in simple phase 
factors associated to the interchange z 2 <-> z\ in a correlator. Working instead in energy space, with <f> quanta <j)~ S2 
)_ Sl , we expect that the exclusion statistics properties of (f> will imply simple behavior under the interchange 
s± in a correlator or form factor. In particular, one expects that interchanging s 2 <-* Si in a form factor involving 
a state | . . . , s 2 , si, . . .) will result in a phase factor e l ~ . We shall show below (see, e.g., eq. V.10), that the form 
factors of the true 'Jack polynomial' multi-particle states | . . . , s 2l s\, . . .) indeed satisfy this simple property, which 
is not valid for the naive multi-particle state (. . . 4>- S2 <j)- Sl . . .)|0). In mathematical terms, the issue is to define the 
correct co-product in a situation where, due to fractional statistics, the relevant symmetry is not a Lie algebra but 
rather a quantum group. In the context of the spinon basis for the m = 2 theory, this quantum group is a so-called 
yangian, and it has been established that the 'Jack-polynomial' co-product agrees with the co-product that is dictated 
by the quantum group symmetryOEa. 



A. The operator Hcs 

To specify the operator Hqs: we employ the free boson <p(z), which already featured in our formula (|L2|). 
Followingca, we define 
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Hcs — 



m — 1 



(V.l) 



where d<p(z) = ^2i(dtp)iz~ and where the second term on the r.h.s. denotes the zero-mode of the normal ordered 
product of three factors (iy/mdtp)(z) . As a first result, one finds the following action of Hcs on states containing a 
single quasi-particle of charge j- or — e 



#cs0_,L-„|O> = Mn)*_ i _ n |0> 



H CS G-»-„|0> = ft G (n)G_m_ n |0) 



with 

and 

with 



h G (n) 



1 1 n' 
h mn(n H J 



m 



n(n + m) 



(V.2) 



We would like to stress that the fact that both <p s and Gt diagonalize Hcs is quite non-trivial. If one evaluates Hcs 
on any vertex operator <frQ> (of charge Q— ), one typically runs into the field product {T(f>^')(z), where T(z) = 
— 7}(d(p) 2 (z) is the stress-energy of the scalar field (p. Only for Q = 1 and Q — —m do such terms cancel and do we 
find that the quasi-particle states are eigenstates of Hcs- 

We can now continue and construct eig ensta tes of Hcs which contain several <f> or G-quanta. What one then finds 
is that the simple product states such as ( III.2| ) are not Hcs eigenstates, but that they rather act as head states that 
need to be supplemented by a tail of subleading terms. As an example, one finds two-0 eigenstates to be of the formES 



OO 



-n 2 -ZV 



-m+l\ 



(V.3) 



i=i 



with coefficients a/ that can be computed. The connection of the coefficients-a; with the Jack polynomials that feature 
in the eigenfunctions inCS quantum mechanics has been made explicit ir£3. For the Hcs eigenstate headed by the 
multi-particle state (111.27) (with unit coefficient), we shall use the notation 



\{mj},{ni}) 



(V.4) 



so that 



H cs\{m },{rn\) 



M N 1 

M(i - 1)™ + mj) + M— (* - !) + m) 



\{mj},{m}) 



(V.5) 



Clearly, the states (V.4), with the rrij and rii as specified in (III. 27), form a complete and orthogonal basis for the 
chiral Hubert space. 



B. Norms and form factors 



Of importance for later calculations are the norms of the states ( V.4 ) and the matrix elements of physical operators 
between these states. For the explicit evaluation of such quantities,-sye used the connection with Jack polynomials, 
relying on results that are available in the mathematical literature (E3, see alsco). 

As an example, we focus on multi quasi-hole states To make contact with the Jack's, we view the ordered 

set {iii} as a Young tableau A. The norm-squared of the state \{rii}} then becomes 

({n i }|{n i })=jv (V.6) 
where A' is the Young tableau dual to A and the j\ are taken fromEl. Explicit examples are 

f ni + J- — l)(m + - — 2) . . . — 

- J(l"i) - 7 7T -, 

(n 2 ,ni|n 2 ,7ii) = j (2 „ 11 „ 2 -„ 1) 
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(n 2 + ±-l)(n 2 + ±-2)...(n 2 + ±-n 1 ) 
(n 2 + ±)(n 2 + ±-l)...(n 2 + ±-n 1 + l) 

(n 2 - ni + i - 1) . . . J- (m + ^ - 1) . . . ± 



X ■ 



(n 2 - ni) . . . 1 ni . . . 1 

etc. (V.7) 



In the limit where all n; ^> 1, one finds 



JV 



(K}|{n*}>«nf7xy ■ ( v - 8 ) 

Of interest for the analysis of processes where electrons or holes tunnel into a fqHe edge is the form factor 

jv({n m , . . .,ri2,ni}\ G'_rn_ n | 0) = f{n m , . . . ,m) £n,n m +...+m ■ (V.9) 

where the subscript N indicates that the state has been properly normalized. This form factor describes the amplitude 
by which an incoming hole (described by the operator G^ and of charge +e) creates a state that has m quasi-holcs 
excited over the ground state. Explicit computation in the limit where all ni 1 yields (for simplicity we give the 
result for m — 3, see appendix B for the general case) 

l i 
r (i) 2 / ("3 - n 2 )(n 3 - ni)(n 2 - «i) \ 3 



f(n 3 ,n 2 ,m) w -±fj- ) • (V.10) 

T(|) V n 3 n 2 ni J 

Remarkably, this result takes the form of a 'Jastrow factor' in the energy variables n^. The order-(i) zero's when two 
rij com e near reflect the g = \ exclusion statistics properties of the fund ament al quasi-holes. Note that the expression 
( V.lOj ) is invariant under global scalings of all energies rii. The form ( V.10| ) of the form factor can be viewed as a 



limit in (chiral) CFT of a result on correlation functions for the 'classical' model .of. quantum mechanics with inverse 
square exchange. This result was conjectured by Haldaneu and later proven intjtJ. 



VI. TRANSPORT PROPERTIES 



Having checked that the thermodynamics of fqHe edges is correctly reproduced in the new quasi-particle language we 
are now ready to move on and consider transport properties. Following the set-up of a number of recent experiments, 
we shall consider a situation where electrons (or holes) from a fermidiquid reservoir are allowed to tunnclinto a v 
fqHe edge. The DC I-V characteristic for this set-up, which were first computed in by Kane and Fishera (see alsoc 2 ]), 
show a cross-over from a linear (thermal) regime into a power-law behavior at high voltages arid thus presents a clear 
fingerprint of the Luttixiger liquid features of the fqHe edge. The experimental results fromla are in agreement with 
these predictions. (Seeo for a further theoretical analysis of these data.) 

The calculations by Kane and Fisher were based on bosonization and on the Keldysh formalism for non-equilibrium 
transport. Our goal here is to see if we can reproduce their results in an approach directly based on the edge quasi- 
particle formalism. Before going into this, we would like to stress that the 'Thermodynamic Bethe Ansatz (TBA) 
quasi-particles' behind the approach ofcl are quite different from what we have here, the most important distinction 
being that the TBA quasi-particles are a combination of degrees of freedom of both sides of the tunneling barrier; 
they do not exist for av = ^ edge in isolation. 

If the v = fqHe edge were to behave as a fermi-liquid, we could calculate charge transport across a barrier using 
a simple (Boltzmann) kinetic equation of the form 

/oo 
deW{f 1 (e-eV)F 2 (e)-F 1 (e-eV)f 2 (e)} , (VI.l) 
-oo 

with /(e) and ^(e) the Fermi-Dirac distributions for electrons and holes, respectively, and W the probability for 
an electron or hole of energy e to cross the barrier and enter the edge. As is well known, this Boltzmann equation 
leads to an ohmic (linear in V) and temperature- independent current. Now that we have seen that the non-fermi 
liquid features of the -jr edge can be captured via the statistics of the edge quasi-particles we can try to write a 
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'Boltzmann equation' for transport to and from fqHe edges by putting in appropriate generalizations h(e) and H(e) 
of the quantities /2(e) and ^(e), respectively. Before giving precise results (in section 6.1 below) we shall consider 
a 'naive' expression based on the intuition from the quasi-particle approach. In first approximation, the factor h(e), 
which describes the probability for an electron to leave a v = -j- edge, comprises two effects 

1. a correlation effect, which can be traced to the non-trivial scaling dimension of the edge electron operator (see 
for example eq. (|Q|)). At zero temperature, this is the so-called tunneling density of states 

A + (e) oc e 1 ™" 1 , (VI.2) 



2. a temperature dependence related to the exclusion statistics properties of the edge electrons. As we have seen, 
the natural factor associated to the presence of an edge electron is the distribution function 

n 9=m (e) . (VI.3) 



Combining these factors, we come to the naive expressions 

hW(e)=e m - 1 n g = m (e) , (VIA) 

and by similar reasoning we obtain 

ff(0)( e ) =e ™-V e r* 9=m (e) , (VI.5) 

where the thermal factor e' 3 ' 5 n m (e) has been dictated by the requirement of detailed balance.^ 

One quickly finds that the Boltzmann equation with factors and is not exact at finite temperature. In 
section 6.2 we shall further comment on this equation and argue that it can be viewed as a first stage in a systematic 
approach. Before we come to that, we shall in the next section present a particularly simple derivation of the exact 
perturbative I-V characteristics for tunneling from a Fermi-liquid to a v = h fqHe edge. This derivation uses the idea 
of a kinetic equation, together with the algebraic properties of the edge electrons. 



A. Kinetic equation for inter edge transport 

A careful derivation, based directly on the form of the tunneling hamiltoniani 

Him oci J de #t=i( e )*„=fO) + h - c - , 
leads to the following kinetic equation (see e.g@) 

/>oo 

I(V, T)ocet 2 de [f(e - eV)H(e) - F(e - eV)h{e)] , 



where h, H are one particle Green's functions 

= (liW^{W)v,T , h(e) = (* v= i(e)*| M))v,t 



(VI.6) 



(VI.7) 



(VI. 



for edge electrons in the v = | fqHe edge, taken at V = 0. Note that the expression (VI.7) is perturbative as it gives 
the lowest non-trivial order in the parameter t. 

The quantities H(e) and h(e) can be determined by using two simple observations. The first is that of detailed 
balance, which can be phrased as the requirement that at zero voltage there should be no current flowing. This fixes 
the ratio of H (e) and h(e) according to 



H(e) = e 



He) 



(VI.9) 



The second observation uses the algebraic properties of the edge electron operator, which include the anti-commutation 
relation 



hU(e), ^ =4 (e')} = 2 -f-e'S(e - e') + 6^ + 3(e + e')^ 



E 
Po 



(VI.10) 
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In this formula, E is the operator for the total energy per unit length (proportional to the Virasoro zero mode Lq), 
and AQ is the operator for the total charge per unit length (proportional to the zero mode Jo of the U(l) Kac-Moody 
algebra). Clearly, this anti-commutator fixes the sum H(e) 4 h(e). The expectation values of energy and charge follow 
directly from our analysis in section 4. We find 

+ <AQ> = -^ (VJ.11) 



6/3 2 



and obtain the exact expressions 



H(e) = ' £ , h(e) = J . (VI.12) 



They lead to I-V characteristics 



WT)o,ee^m + (^\ , (VL13) 



in agreement with the result obta ined in different a 



2tt V 2tt 



pproachcsEill. 



Clearly, the Green's functions (VI.S) can be evaluated in other ways, for example by using a conformal transfor- 
mation in the x, t domainEi We would like to stress that our derivation is more direct and uses nothing more than 
the fundamental anti-commutation relation of the edge electrons. For v — i, these are particularly simple as they 
derive from the so-called N — 2 superconformal algebra, which has been well-studied in other contexts. For other 
filling fractions the fundamental anti-commutators look more complicated but are available in principle. 



B. Interpretation in terms of exclusion statistics 

If we compare the exact kinetic equation for v = | with a naive generalized Boltzmann equation, we see that the 
mistake in the latter is in the approximation of the Green's function h(e) by a the product h,(°\e) of a tunneling 
density of states times a Haldane distribution for fractional statistics. 

The reason why this approximation turns out to be rather poor is that the operator N(e) = W _x ( e )^t/=± ( e ) inside 
a fqHe edge is not to be viewed as a simple counting operator weighted by the appropriate power law of e. This fact 
can be traced to the non-trivial operator terms (proportional to the energy and the charge operators) in the r.h.s. of 



(VI. 10). To further illustrate this point we evaluated the expectation value of the operator N(e) in a (normalized) 



one-clcctron state \e') 

(e'\N(e)\e') cx e 2 5(e - e') 4 6 (e ' - ^ + ^ 6(e' - e) . (VL14) 

This result shows an interaction effect in the action of N(e) on a one-electron state: rather than just counting quanta 
of energy e, the operator N(e) is sensitive to the presen ce of quanta at energy e' > e as well. In the Green's function 



h(e) (for e > 0), the first term on the r.h.s. of (VI. 14) corresponds to ft'°'(e), while the second term leads to the 
following correction term 

feW(e)=6 r de' {e '- e){e ' 2 + £2) n 3 ( e ') . (VL15) 



In figure 6.1 we have plotted the exact result for h(e) against the approximations M°'(e) and + M 1 )] (e). Clearly, 
the correction term (e) greatly improves the accuracy of the description. 
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FIG. VI. 1. One-particle Green's function h(e) for filling fraction v = j and at zero voltage. The drawn curve is the exact 
result flVI12| ); the dashed curve is the approximation /r°'(e)and the dotted curve corresponds to [ft' ' + ft"'] (e). 



The situation here can be described as follows. As far as thermodynamics goes, the distribution functions 713(e) 
and n 1 (e) give exact results for quantities such as specific heat and conductance, and we may view the edge system 

as an ideal gas of fractional statistics quasi-particles. However, the operators $ _j (e), \t„_i(e) are not one-particle 

v — 3 3 

operators in the usual sense, as they do not simply add or extract a single quasi-particle from a many-particle state. 

In edge tunneling experiments, the edge system communicates with a Fermi liquid via the operators VP _i (e) and 

v ~ 3 

^ u —i(e) and we can not avoid interaction effects. We do believe, however, that a systematic expansion based on the 
quasi-particle picture is possible. 

To avoid reference to a 'filled sea of negative energy edge electrons' we prefer to discuss transport in the picture 
where the fundamental quasi-particles are positive energy edge electrons and edge quasi-holes, respectively. If we we 
stick for a moment to the abovementioned 'naive' 0-th order approximation, we would arrive at the following lowest 
contribution to the tunneling current at voltage V and temperature T 

I (0 \V,T) oc 

deni(e-V)N 3 (e) e 2 



+e / deNi(e- V)n 3 (e)e 2 
Jo 



/>oo 

+e / de 3 de 2 de 1 n 1 {J2e l + V)Ni{e 3 )N 1 (e 2 )Ni(e 1 )f 2 {e 3 ,e 2 ,e 1 ) 

Jo i 333 

/>oo 

-e / de 3 de 2 de% Ni(S~] e » + V)ni (e 3 )m (e 2 )n 1 (ei)/ 2 (e 3 , e 2 , ei) 

Jo ^333 



(VI.16) 



where /(es, 62,61) is the form factor given in ( V.lOj ) and the integrations are over ordered sets of energies e 3 > e 2 > 
t\ > 0. We have used the notation 



(VI.17) 



This result becomes exact in the limit T — > 0, where all distributions become step functions and the interaction 
effects disappear. Note that this formula has a clear asymmetry between electrons and holes: electrons that come 
into the edge settle as edge electrons, while incoming holes 'decay' into a total of th ree ed ge quasi-holes, with relative 
amplitudes given by the form factor /(e3, e 2l ei). For T = 0, V > the expression ( VI.16| ) reduces to a single term 



1G 



I {0) (V > 0,T = 0) oc-e [ dee 2 

JO<e<V 

oc V 3 , (VI.18) 



while T = 0, V < it reduces to 



I<®(V <0,T = 0)oce / de 3 de 2 de 1 f{e 3 ,e 2 ,e 1 ) 



cx y 3 , (VI.19) 



In the latter case, the power law / oc is a simple consequence of the fact that we perform three independent 
integrations J de 3 de 2 de\ over quasi-hole energies, with a form factor /(e3, e%, ei) that is scale-invariant 



Clearly, the expression ( VI . 1 6| ) needs corrections. We believe that a systematic expansion, along the lines of the 
expansion h(e) = fc(°)(e) + WTJe) + ... that we have demonstrated above, is possible. We plan to demonstrate this in 
more detail in a future publication. 



VII. CONCLUSIONS 



The edge electrons that have been central in this paper are the edge analogues of the composite fermions (CF) used 
to describe bulk physics. We have made clear that, while the exchange statistics of these particles are fermionic, their 
exclusion statistics properties are not and are instead captured by non-trivial distribution functions n m (e) that take 
the place of the familiar Fermi-Dirac distribution. We have also investigated to what extent a quasi-particle picture, 
with edge electrons and edge quasi-holes as the fundamental quanta, can be used as a starting point for a quantitative 
analysis of transport. We have used algebraic properties of the v = \ edge electrons to derive exact results, and we 
have claimed that in general exclusion statistics properties may be used to set up a systematic expansion. In our 
view, these results hold some important lessons for other situations where fractional statistics quasi-particles have 
been proposed (spinons in d = 1 quantum spin chains, anyons in d — 2, etc.). 
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APPENDIX A: COMPOSITE EDGES: JAIN SERIES 



In this appendix we briefly describe a quasi-particle formulation of the composite edge theories corresponding to 
the filling fractions v = n . , of the Jain series. These edge theories can be written as a collection of n free bosons, 
coupled via the topological A-matrix of the effective bulk Chcrn-Simons theoryli InEJ it was shown that the effective 
low-energy CFT for particles satisfying Haldane statistics with n x n statistical matrix G is a c = n CFT with 
topological matrix K = G _1 . Inverting the argument we expect that the fundamental excitations of the CFT for 
qHe matrix K can be interpreted in terms of pseudo-particles satisfying fractional exclusion statistics with matrix 
G = K~ x . 

An alternative and more natural approach to the Jain series edges would be to first perform a change of basis which 
separates a single charged mode from a set of n — 1 neutral modesElS. The latter are governed by an su(n)i affine 
Kac-Moody symmetry, and can be treated separately. An option is to view them as a set of n free parafermions in the 
sense of Gentile, seeQ. The CFT for the remaining charged mode is of the type that we described in this paper, with 
g = v. The entire edge theory is then described by a single (charged) g-on and a set of su(n) x degrees of freedom. 

As an example of how the chiral Hilbert space works out, here is the example of v = 2/5, with K matrix 

K=(l I) . (A.l) 



v 2 3 / 

This theory has two independent f (1) affine Kac-Moody symmetries, giving a factor [JIz^il 1 — <?')] 2 m the partition 
function. The various charge sectors are labeled by pairs of integers (hih), the energy being given by E(l±,l2) = 
jq(31 2 — H1I2 + 3Z|) (this is the bilinear form defined by the inverse of the A-matrix ( |A.1[ )). Thus 

{hM [rL=i(i-<r)J 



Under the rearrangement into su(2) 1 times U(l), the combination 5(^3-^- ^1) plays the role of the su(2) spin, while 
li + 12 is the charge under the new U(l). The character identity will beS3 

z v =2iM - x;: ( 2)i muiM + x su( ! 2)i {^JIm , (a.3) 

3=2 

where the subscript even (odd) on Z s l r means that we restrict to the states with total U(i) charge Q even or odd. 
Simple expressions for the su(2)i characters are 

m+fevenW^W" 3 ~2 m+n od d [<1>m {<1>n 

For the general case with v = n ™ +1 , the charged sector is described by a free boson CFT at compactification radius 
R 2 = v^ 1 , which we write as R 2 = -. The chiral partition sum is 

« a Q 2 /(2rs) 



and restrictions, such as the even/odd in ( |A.3j ) are taken into account by restricting the charge quantum number Q. 

Our fundamental charged edge quasi-particles will now be the primary fields of U(l) charges +S and — r\ we shall 
write the creation and annihilation modes of these fields as 4>-t ancl G-t, respectively. Note that for s / 1 the 
operators G_ t are not the physical edge electrons as the latter can only be written by including non-trivial factors 
from the neutral sector! 

In close analogy with our analysis in section 3.4, we can now establish that the states 

G_ (2M _i)^ + |_ mM • ■ • G_ i _ + Q_ mi (/)_ (2N _ 1) ^ : _g,_ nN . . . cj>_^__Q r _ rii I Q ) 

with tom > wjw-i > • • • > itii > 0, tin > tin-i > . . . > ni 
and m > if Q > 

m > if Q < , (A.6) 
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with Q — — (r — s), . . . , +(s — 1), span the chiral Hilbert space ( JA. 5| ) of the charged boson. The total energy of 
the lowest energy state in the charge sector Q having particle-numbers M and N for the quanta of type G and cj>, 
respectively, equals 



E(Q; M, N) = Q- + ^—M 2 - ^-M + ^-N 2 - 
2rs 2s s 2r 

and this leads to the following expression for the chiral partition sum 



1- <>Q<o 



N 



(A.7) 



Z s/r (q) 



(s-l) 

E E 



7 E{Q-M,N) 



Q = -(r- s )M,N>0 ^M(q)N ' 

The equality of the expressions (A. 5) and (A. 8) is a new identity of the Rogers-Ramanujan type (seeEBIli'Ei for 
similar identities). 



(A. 



some 



In the case p < 0, the Jain series qHe edge exhibit 
new disorder-driven fixed point dominates the physicsc 
quasi-particle formulation. 



^unterflowing edge modes and it has been claimed that a 
It will be most interesting to analyze this scenario in a 



APPENDIX B: FORM FACTOR FOR GENERAL M 



We briefly explain the exact evaluation of the form factor f(m m , . . . ,mi) as defined in (V.9). Let us consider the 
special case m = 2 first. In that case the 'hole operator' G(z) has conformal dimension 1 and may be identified with 

one of the currents of the affine Kac-Moody algebra su(2) 1 . By exploiting the OPE 



one obtains 



We also havi 



E 



(z)<f>(w) = (z- w) + 2 [G(w) + <D(z - id)] 



dZ 3 

G(w) = d> - — (z — w)~2 <f)(z)<t>(w) 
'c w 2m 



i)<j>(w)\0) = {z-w)2 ^ P n2 ,ni(z,w)\ri2,ni) , 



(B.l) 
(B.2) 

(B.3) 



where Pi n .\ ( z : w ) are the appropriate Jack polynomials. Combining the above, we obtain 



and it follows that 



( — ) 

G(w)\0) = ^ Pn 2 ,ni( w > w )\ n 2,ni) 



N 



1 (-h, 



(n 2 ,ni\ Gi 1 _ n | 0) = 6 n<n2+ni [i (2 »i,i» 2 -«i)] 2 P^J^l,!) 



(B.4) 



(B.5) 



with jy as in ( V. 



the explicit resultc 



j'or general m one obtains a similar result in terms of Jack polynomials with label (— — ). Using 

p ( -^n n-TT 1 r( - } n r(?lj ~ n ' 1 + ^ 

i=0 \ m> Kj 1 \'h 'h + m ) 

(B.6) 



together with the result (V.8) for the jy, we derive the following asymptotic form for rij >> 1 



f(n m , ...,m) = 



[r(B m/2 IL<i( 



(B.7) 



The simple Jastrow form of this form factor is a clear indication that in the limit n; > 1 a much simpler derivation, 
along the lines of 'bosonization in momentum space' should be possible. 



19 



1 P. Fendley, A.W.W. Ludwig and H. Saleur, Phys. Rev. Lett. 74, 3005 (1995) ; Phys. Rev. B52, 8934 (1995) . 

2 C. de Chamon and E. Fradkin, Phys. Rev. B56, 2012 (1997). 

3 N.P. Sandler, C. de Chamon and E. Fradkin, Phys. Rev. B57, 12324 (1998) 
4 X.G. Wen, Phys. Rev. B41, 12838 (1990); Int. Jour. Mod. Phys. B6, 1711 (1992). 

5 M. Stone and M.P.A. Fisher,Int. J. Mod. Phys. B8, 2539 (1994) 

6 K. Schoutens, Phys. Rev. Lett. 79, 2608 (1997). 
7 F.D.M. Haldane, Phys. Rev. Lett. 67, 937 (1991). 

8 A.M. Chang, L.N. Pfeiffer and K.W. West, Phys. Rev. Lett. 77, 2538 (1996). 

9 Y.-S. Wu, Phys. Rev. Lett. 73, 922 (1994). 

10 C. Nayak and F. Wilczek, Phys. Rev. Lett. 73, 2740 (1994). 

11 S.B. Isakov, Mod. Phys. Lett. B8, 319 (1994). 

12 A.K. Rajagopal, Phys. Rev. Lett. 74, 1048 (1994). 

13 Z. Ha, Phys. Rev. Lett. 73, 1574 (1994). 

14 M.V.N. Murthy and R. Shankar, Phys. Rev. Lett. 73, 3331 (1994). 

15 A. Dasnieres de Veigy and S. Ouvry, Phys. Rev. Lett. 72, 600 (1994). 

16 K. Tevosvan arrs A .H. MacDonald, Virial Expansions, Exclusion Statistics and the Fractional Quantum Hall Effect, preprint 
cond-mat/9701178| ; Y.S. Wu, Y. Yu, Y. Hatsugai and M. Kohmoto, Phys. Rev. B57, 9907 (1998) 

17 R. Kcdcm, T.R. Klassen, B.M. McCoy and E. Melzer, Phys. Lett. B304, 263 (1993); Phys. Lett. B307, 68 (1993). 

18 P. Bouwknegt, A.W.W. Ludwig and K. Schoutens, Phys. Lett. B338, 448 (1994); in Proceedings of the 1994 Trieste Summer 
School on High Energy Physics and Cosmology, E. Cava et al. eds (World Scientific 1995). 

19 P. Bouwknegt, A.W.W. Ludwig and K. Schoutens, Phys. Lett. B359, 304 (1995). 

20 F.D.M. Haldane, Phys. Rev. Lett. 66, 1529 (1991); F.D.M. Haldane, Z.N.C. Ha, J.C. Talstra, D. Bernard and V. Pasquier, ibid. 
69, 2021 (1992). 

21 D. Bernard, V. Pasquier and D. Serban, Nucl. Phys. B428, 612 (1994). 

22 P. Bouwknegt and K. Schoutens, Nucl. Phys. B482, 345 (1996). 

23 S. Iso, Nucl. Phys. B443, 581 (1995). 

24 Y.-S. Wu and Y. Yu, Phys. Rev. Lett. 75, 890 (1995). 

25 K. Hikami, Phys. Lett. A205, 364 (1995). 

26 S.B. Isakov, D.P. Arovas, J. Myrheim and A. P. Polychronakos, Phys. Lett. A212, 299 (1996). 

27 W. Nahm, A. Recknagel and M. Terhoeven, Mod. Phys. Lett. A8, 1835 (1993). 

28 R.P. Stanley, Adv. Math. 77, 76 (1989). 

29 F. Lesage, V. Pasquier and D. Serban, Nucl. Phys. B435, 585 (1995). 

30 F.D.M. Haldane, in Proceedings of the 16th Taniguchi Symposium, Kashikojima, Japan, October 1993, A. Okiji and N. 
Kawakami, eds. (Springer Verlag 1994). 

31 C.L. Kane and M.P.A. Fisher, Phys. Rev. Lett. 68 (1992) 1220; Phys. Rev. B46, 15233 (1992). 

32 X.G. Wen, Phys. Rev. B44, 5708 (1991). 

33 R.K. Bhaduri, R.S. Bhalerao and M.V.N. Murthy, J. of Stat. Phys. 82, 1659 (1996). 

34 T. Fukui and N. Kawakami, Phys. Rev. B51, 5239 (1995). 

35 C.L. Kane and M.P.A. Fisher, Phys. Rev. B51, 13449 (1995). 

36 A. De Martino and R. Musto, Int. Jour. Mod. Phys. B9, 2839 (1995). 

37 C.L. Kane, M.P.A. Fisher and J. Polchinski, Phys. Rev. Lett. 72, 4129 (1994). 

* The familiar terminology 'composite fermions' is somewhat unfortunate in this context, as we argue that the exclusion statis- 
tics properties of these composite quasi-particles are not fermionic. Clearly, their exchange statistics, which are determined 
'modulo 2tv', are fermionic. 

t The notation G is inspired by the fact that the fundamental anti-commutation relations for the modes G-t at v — 1/3 are 
those of the so-called N = 2 superconformal algebra. See section 6 for more on this. 

* In the proper mathematical terminology we call <j>{z) a Chiral Vertex Operator (CVO). 

^ We use the symbol AQ for the total charge, while we keep Q for the reduced charge (in units of ^). 

" This same thermal factor was proposed in the papewij, which proposes a generalization of the Boltzmann equation to the case 
of fractional statistics. In our view, the proposal o£3 is incomplete, as it ignores the correlation effects which are unavoidable 
for quasi-particles obeying fractional exclusion statistics. 

" We write VP for the edge electron operator, (denoted by ^ e in section 2 and by G in section 3), and we indicate the filling 
fraction by an explicit subscript. 
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